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ABSTRACT 


This study proposed improved family of exponential estimators and dual type ratio estimator of finite population mean 
using some known population parameters of the auxiliary variable in Ranked Set Sampling (RSS). It has been shown that 
this method is highly beneficial to the estimation based on Simple Random Sampling (SRS). The bias and mean squared 
error of the proposed estimators with first degree approximation are derived. Theoretically, it is shown that the suggested 
estimators are more efficient than the estimators in simple random sampling. It is also shown that the suggested dual 


estimator is more efficient than the usual ratio estimator in Ranked set sampling. 
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1. INTRODUCTION 


The literature on Ranked set sampling describes a great variety of techniques for using auxiliary information to obtain 
more efficient estimators. Ranked set sampling was first suggested by McIntyre (1952) to increase the efficiency of 
estimator of population mean. Kadilar et al. (2009) used this technique to improve ratio estimator given by Prasad (1989). 
Mehta and Mandowara (2013) suggested a modified ratio-cum-product estimator of finite population mean using ranked 
set sampling. Here, we propose improved exponential family of ratio type estimators and dual estimator for the population 


mean using some known parameters of the auxiliary variable in ranked set sampling. 


Lety ={u,,U,, Pe U4 be the finite population of size and let y and , respectively, be the study and auxiliary 


variables. A sample of size n is drawn, using simple random sampling without replacement, to estimate the population 


= 1 N : 
mean y _ Do y, of study variable y. 
i=l 


The classical ratio estimator given by Cochran (1940) for estimating the population mean , respectively for SRS, 


is defined as 
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a © 
Yr= { =] (1.1) 
Xx 


Bahl and Tuteja(1991) was the first to suggest an exponential ratio type estimator as 


t, = yexp X=x (1.2) 
X+x 





Following Kadilar and Cingi (2006) and Khoshnevisan (2007), Singh Rajesh et al.(2007) define modified exponential 


estimator for estimating Y as 


~ Sex| (aX +5)—(ax+b) 
mere | (aX +b)+(ax+b) 
(1.3) 


Where a(#0),D are either real numbers or the functions of the known parameters of the auxiliary variable X such as 


coefficient of variation (C ,) and coefficient of kurtosis B, (x) and correlation coefficient ( p)- 


Srivenkataramana and Tarcy (1980) considered the following dual estimator of the population mean Y based on the use of 


the mean value of the non-sampled information of the auxiliary variable defined as 


a NX =nx aa) 
nsu (N—n)X . 
oe 

Or y nsu = XY 


- NX-nx 1 & 
where * = ( N ) = N > denotes the mean of non sampled units of the auxiliary variable. 
Nn TH jz 





- 1X - 1X 
y= -> y; and X= -) x; are sample means of y and X respectively based on sample size n. Here, it is 
Nn j= Nn j= 


— 1 ~ 
assumed that X = — by X; , population mean of auxiliary variable, is known. 
i=l 


To the first degree of approximation, the bias and mean squared error (MSE) of the estimators y,and y,. are given as 


nsu 


BC y,)= YY(@°C? +0C,C,) (1.5) 


SA wag LA 2A2 
MSE(y,)=7¥ |C? +6°C? -26p,,C,C, | (1.6) 


and 
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= = - yp,,C, C, ‘ee 
BC Vasu =ECY nsu) —Y =- =-—> (1.7) 
cy Cy N NX 
om v2 [p72 22 
MSE()4,)=7Y [C2 + g°C? -2gp,,C,C, | (1.8) 
“ es 
Ss. S S., 1 0; -Y)” 
where o> ee Pu oe ieee ignoring eae 3 es 
N er! N —. Fae — 
; (4%, -X) ;—~Y)(x, - X) 
S? = di ? S = dia : ,O= ae and 8 = = 
N-1 N= 2(aX +b) N-mr 


2. RATIO ESTIMATORS IN RANKED SET SAMPLING 


In Ranked set sampling (RSS), 17 independent random sets are chosen, each of size ™ and units in each set are selected 
with equal probability and without replacement from the population. The members of each random set are ranked with 
respect to the characteristic of the study variable or auxiliary variable. Then, the smallest unit is selected from the first 


ordered set and the second smallest unit is selected from the second ordered set. By this way, this procedure is continued 
until the unit with the largest rank is chosen from the m" set. This cycle may be repeated r times, so mr (=7n) units 


have been measured during this process. 
When we rank on the auxiliary variable, let On Xx w) denote the i’ judgment ordering for the study variable 
th . sae : . +th i 
and i’ perfect ordering for the auxiliary variable in the 1"' set, where i = 1,2,3........... sm. 


Swami (1996) defined the ratio estimator for the population mean in ranked set sampling as 


- —~ (xX 
Yress — Yinj| = , (2.1) 
X(n) 
-_ 12 _ 12 
where Sia => Vip > *wH= — tw are the ranked set sample means for variables y and X 
i=l i=l 


respectively. 


To the first degree of approximation the mean squared errors (MSE’s) of the estimators Y p psgz iS given as 


— =2 
MSEC Y ppss)=Y |O{C? +C? -2p,,C,C,}— {Wy —We V1] (2.2) 
3. MODIFIED EXPONENTIAL ESTIMATOR USING RANKED SET SAMPLING 
Motivated by Singh Rajesh et al (2007), We proposed modified exponential estimator for Y using Ranked set sampling as 


= (aX +b) —(axin +b) 


Y en85 = Yin &XP| x - 
»RSS [n] Yl aX ob) dates +d) 
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= 1X ms 1X 
Here Yi.) = pe Vip > Ly = — Lw are the ranked set sample means for variables y and X respectively. 
i=l i=l 


The Bias and MSE of Y, rss can be found as follows- 
BC Ye rss HEC Yess )-Y 


aX —aX(l+é,) 


Here y, = Y(+e yexp| ——_———_ 
ie Mal roritT re. 


aX 


-Y(1+é,)exp|—6e,(1+ 6¢,)"'| where @ = 
(1+ £,)expl-6e;( 1] 2(aX +b) 


Expanding the right hand side of eq. and retaining terms up to second power of €’s , we have 
E( Y, ess) = YE( + &, — 0€, + 0°€? + 6€,€,) 
So that BC Y, pss) = YO7E(E,) + OE(E €,) |. because E(E,) = E(€,) = 0 
> B( VRS =¥|[Ye°C? + GCC, }- { Wii + OW, i) } (3.2) 
Now MSEC Y. ass )= EC Ye.rss ~Y)° 
-Y Ele, —6e,f 
-Y Ele? +0°e? -26e,¢,| 
= 0 I 0f1 
= ¥ [yC? -W2,, +0°(9C? -W2,,)-20(7p,,.C,C, —Wyy) 
> y yl] x x(i) yx “yx yx(i) 


=> MSEC Yess )=Y [C2 +°C? -26p,,C,C,}— {Woy — Wy P| (3.3) 


yx 


The following table shows some other estimators of the population mean which can be obtained by putting 


different values of constants a and b. 
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Estimator Different values of 
a b 

— — 2 , 
Yess = Yin 
Sam = Suse Ea 7 

e2,RSS [7] XY n ae 
y Yq) EXP X =x) : By (x) 
Ye3 = n — 

3,RSS [n] XY + ¥en + 2B) 
y =y exp) — azo C, 
Y e4,RSS [7] | K+ x0 +2, 
cee = 3,,, expl tae p 

e5,RSS In] Eeee Op 
— = ff BWK-xm) || AO] ¢, 
V 4a9 — Jy @ 2 KF 

L Bo (x)(X +xm)+2C, | 

5. = 3, ex — Oxo aw) |] | A 
Ve = Vin — + 

7,RSS [n] LC (Xx ee 2B, (x) | 
y a4 Jay C(X =x) C, P 

e8,RSS n| C (x a a ) Z 2p 
_ p(X =x) X(n)) e C, 
Ye9,Rss = Yin exp 
a Fe] I By(x(X - xm) = B,(x) p 
y ero,rss = Yen © 

By(x)(X +x) +2p 
y % P(X = Xn) e B(x) 
Yetnrss = Yin) XP] SS 
P(X +xm)+2B, (x) 

















It is cleared that bias and MSE of the above estimators given in the table can be obtained by substituting the 


values of a and b in (3.2) and (3.3) respectively. 
4. MODIFIED DUAL RATIO ESTIMATOR IN RANKED SET SAMPLING 


Motivated by Srivenkataramana and Tarcy (1980), we propose dual ratio-type estimator for using Ranked set sampling as 


am ae NX = Mrx(n) 
Y nsu,rss — ¥(n) Wa=mnk (4.1) 


7 a, Wes — NX -mrxa) 
OF Vasurss = Y(ny| "| > where X ny _ (N —mr) 
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The Bias and MSE of J), rss can be found as follows 


B( ity »RSS )= E( Y nsu .RSS )-Y 


NX -mrX(l+e,) 


Y nsu, RSS = Y(1 ee Eo 








(N —mr)X 
= mr 
=Y(l+e,} 1—-————-€ 
( | N-mr | 
-¥(1+2,- ea eal a; 
N-mr N-mr 


Taking expected values on both sides, we have 





—mr N-mr 


EU auass)=¥| 1+ Ble) Ble)" Ble.6) 


mr 
N-mr 


=Y- Y Eee) 





Now Bc Y nsu RSS )= E( Y nsu ,RSS ) 





1 1 im 
= =|S,.-— Ty 
= = i nee am 








mr ea 
ae ae YPwyCCy Way} 
_ oa = mr 
> B( Vipisi »RSS ) = -gY{p,,C,C, =W 206) ‘ where : N-mr (4.2) 


Now MSEC Y neu ess )= ECY ngu.rss ~Y)° 
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2 
Fber—w Wii f+ ( re ye? Wy Jf = lhe c, y “Wao 
= WC? + gC = Zgp.C, C, Ie WwW Wray + g Wi —22W, Wray Hl 


— —2 
=> MSE( Yu, ass) =Y [C2 +.8°C? -2¢p,.C,C,}— (Woy — 8BWe}| (4.3) 


5. EFFICIENCY COMPARISON 


On comparing (1.6) and (1.8) with (3.3) and (4.3) respectively, we obtain 


oes y,) DEN V.a)= aie a where A - Wa — W..;, lj 
=> MSE( y, pss) < MSEC y,) 
MSE( Y gu) — MSEC De. Rss ) = A, 2 0, where A,= |W. [w yli] gWnt 


> MSE( Y su »RSS ) < MSE( y 


nsu 


It is easily seen that the MSE of the suggested estimators given in (3.3) and (4.3) are always smaller than the 


estimator given in (1.6) and (1.8) respectively, because A, and A, all are non-negative values. As a result, show that the 


proposed estimators Y, ps,and Y,,,, ess for the population mean using RSS are more efficient than the usual estimators 


and y respectively. 


e nsu 


Now Comparison between (2.2) and (3.3), we obtain the estimator J, ps5 will be more efficient than the ratio 


estimator Y.. poy if 


MSE Osacess)< MSELY, as) 
Y {C2 ag oe 2gpC,C,f- Ww, + 8 Wei — 28Wyxciy | 
< Y |y\c? + bes = pC.0.|- Ww, + Wry - 2W. a 


= i(e? —1}c? 2 Ag =1)9pC,C, - i(e? a! a) Ag DW xc I< 0 


= (¢? ~1}pc? - W2, f-2( 2g - 107 ,C, Wyaciy $< 0 
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> (g ~ (sg + pC? a Wy J- 2190 ,C, _ Wrst | <0 (5.1) 
Now there are two cases - 


Case 1: The inequality (5.1) will be satisfied if 


g—-1<0 and IG + he? — Wa 7 2{yoc yCx —Wyxciy I> 0 


mr 
Gi N-mr “I< 0 and (g + yc? -w2,f> 2{pC ,C, —Wyays 





hy Wnty (¢ +1) 


mr—-N+mr 





<0 2 2 
or N-mr and x Wri : 
wc, Cc, — Wixi N 
mr < — 2 2 ss 
On 2 and WC. —Wr 2(N -mr) 


Covleen, ¥ py \/xy Z N 


es a Vixen) x 2(N —mr) 


or 2 and (5.2) 
As in the case of SRS, it is clear that to the first order of approximation the RSS estimators are unbiased, using 
Cov(xn), Yin) = BV Xm Ji (5.2), we obtain 
BVar(xin)) X_N 
Var{x(n) Y N-mr 





C, N 
a < 


C. 2(N-mr) 


x 





and PXy 


N 
for C, = C, we have mr < — and < ————- 
’ ky a 


This condition holds in practice. For example, if N=100 and “7 = 15 then PRY is supposed to be less than 0.60. 
Case 2: The inequality (3) will be satisfied if 
(g-1)>0 and IG 1 IC? “Wi5}- 2pC,C, -Witl< 0 


N 


N 
Here for C, =C,,we have n> a & Py, > XN —mr) 
—mr 


This condition will not hold in practice. For example, if N=100 and mr = 70 then xy is supposed to be greater 


than 1.667, which is not possible. 
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APPENDIX 


To obtain bias and MSE of Diacs , we put Vis a Yd +€,) and Xun = Xd +€,)so that E(€,) = E(é€,) = 0, and 


therefore, 
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V(é,) = E(eg) =—* YO) 





ee ;|83- 2 en ]- bc? -w2,,| 


mr y 
similarly, V(€,) WAGs )= Lc? - w2., 


Covly x i 
and Cov(€y,€,) = E(€ps€,) = Covbyny-%) 


XY 
1 1 1< 
a XY A|s.-23¢ wo > lw,.C, C, —Waiy] 
i=] 
_ = = _ ‘ ; 
1 Vie x(n) —X S S: Syx 
where y=— , 6 = ¢ = SE -. C= ,C=52 , ¢, =22=,,,C,C, 
mr Y x Y X XY 
WwW. 1 2 2 and W = satis ly Here we would like to remind that 
= mr x =e Wyn = mry au yx) ay rm : 
Ty = Hy —X > Ty = Hy Y and Ty) = Ha — X) (Ayty —¥) 


Further to validate first degree of approximation, we assume that the sample size is large enough to get léo| and le,| 


as small so that the terms involving €, and or €, ina degree greater than two will be negligible. 
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